Understanding and simplified modeling of the Head Related Transfer Function (HRTF) holds the key to many applications in spatial audio. We develop an analytical solution to the problem of scattering of sound from a sphere in the vicinity of an infinite plane. Using this solution we study the influence of a nearby scattering rigid surface, on a spherical model for the HRTF.
INTRODUCTION
Humans have the remarkable ability to localize a sound source using the sound received at just two receivers (ears), even in the presence of noise and other sources. Future spatial audio applications that wish to exploit this ability, such as those in virtual and augmented rcality, will require a great degree of fidelity in rendering the sound localization cues to be perceptually convincing [I] . A key block to developing such fidelity is the present lack of understanding of the cues that arise from the scattering of sound off the external ears, head, and bodies of the person, and by scattering o f f surfaces in the environment. All of the acoustic cues resulting from scattering off the person are captured by a frequency response function called the head-related transfer function (HRTF). For a particular source location, the HRTF is defined as the ratio of the complex sound pressure level (SPL) at the eardrum to the SPL at a specified location whcn the listener is absent [2] . Thus, a primary goal of current research is to determine how complicated models that achieve perceptual fidelity have to be [3] , and develop simple models and an understanding of the human HRTF [4] .
The HRTF depends on many factors including the shape of the head and pinnae, spatial orientation of the head relative to the source of sound, the room environment, proportions of the body, and others. Such a multiparametric dependence of the HRTF makes the study and modeling of the HRTF extremely complex. There is need for simple modeling and experiments to elucidate its structure.
To use the HRTF in applications the influence of nearby boundaries on it must be determined. In all applications a wall is present, at least in the form of a ground plane. Similarly, many experiments performed to measure the HRTF often have a nearby surface or boundary, and its influence on the results must be assessed.
Recently Duda & Martens [2] performed mathematical modeling for sound scattering from a sphere, and the HRTF induced including its close-range behavior. They verified their results with experimental data. This simple treatment allowed for insight, and resulted in a simple model for approximating the HRTF for applications [4] . The purpose of this paper is to study the influence Support of NSF award 0086075 is gratefully acknowledged. We would also like to thank Prof. R.O. Duda for making available his program for the spherical HRTF model. 0-7803-7041-4/01/$10.00 02001 IEEE of a nearby rigid wall (or floor) using an analytical technique we develop, that permits one to clearly distinguish the influence of any introduced parameters. We present our model problem and its solution in $2, assess its properties for a few interesting configurations in $3, and conclude in $4 with a few remarks based on these solutions.
PROBLEM DEFINITION AND SOLUTION PROBLEM STATEMENT:
The geometry of the problem is shown in Fig. 1 . There is a monochromatic point source at A and a sphere of radius a, with center at 0. These are respectively located at distances h and H from a rigid wall at z = H in a half-space z < H , with d the distance between the source and the sphere center. Note that the case of a non-monochromatic source can be treated using Fourier analysis with our results. The com- where k = w / c is the wavenumber, w the circular frequency, c the sound speed, and Q the source intensity. 9 is subject to the following boundary conditions on the rigid surfaces of the sphere, S , and thc wall, z = H , Consider now two solutions to the problem at a field point M : in the presence of the sphere, Q ( M ) , and absence of the sphere,Qo ( M ) . We define the HRTF, W, at any point M on S as the ratio:
Note that this definition of the HRTF differs from that in [ 2 ] . That definition can be recovered by multiplying W by Q o ( M ) /Qo(O).
SOLUTION:
To solve the problem we replace the plane of symmetry by an image source and image sphere. We introduce two ref-
erence frames -at the sphere center, 0, and at the center of the image sphere, O*. The 2nd frame is a mirror image of the 1st frame, and all coordinates in it are marked with a * superscript. The axis z is directed along OO*. The coordinates of the source and its image in the frame at 0 are rr = (d, Or, q5r) and r, = (di, B i , q5t).
The solution to (I) can be written as:
is regular for T 2 a, and has the multipole expansion:
A~S ; (r) , S: (r) = h n ( k r ) Y r ( Q , $).U)
Here AT are coefficients, Sr ( we use the following representation valid for Irl < 2H :
where the order of spherical harmonics, m, does not change due to the selection of the reference frames (4* = 4); U $ are the coefficients of the re-expansion depending on kH alone. Their computation is key to the solution [7] . Using Eq. (7) and (8) where I = (6,~) is the identity, and N" ={N,mi} and the components of the r.h.s. vector Bm = {Br} are:
Note that for the mth degree system, B," = 0, = 0 for n < Iml and 1 < jml . Therefore AF = 0 for n < Iml and equation
(1 1 j applies only for n 2 Iml . The system of equations can be solved by truncating the infinite matrices N" and vectors A"% and B" by their initial L components. This results in an approximate solution. However the series converge rapidly, and the choice of L is made by determining when additional terms make no difference.
An approximation can be made in the case the influence of the field scattered by the image sphere is small compared to the incident fields generated by the source and its image. In derived several recurrence and symmetry relations, that are omitted for reasons of space, and will be presented elsewhere [7] . Computation of the matrix N" as well as W requires computation of Hankel, Bessel and associated Legendre functions. This is performed using standard recurrence relations (e.g. see [5, 61) . Note that M" depends on k H & ka only, and can be decomposed once for fixed kH & ka. 
NUMERICAL STUDY OF THE WALL INFLUENCE
The pressure on the sphere surface 9 (e,$) depends on the ratio of the sphere size to the characteristic wavelength, ka, and the three length ratios, d / a , h / a , and H / a , characterizing the geometry.
These form a 4 dimensional parameter space. We present results obtained by varying these parameters to illustrate the major effects.
The definition of the HRTF requires comparison of the scattered sound signal to a standard signal (in the absence of the head), 90 in (5). In the present problem, if we choose the same '4'0 as in [2] the HRTF exhibits features which, while explainable, can be hard to understand intuitively. Thus, to aid physical understanding we introduce several different transfer function definitions. In the form written in (5), where QO is taken at the same point in the presence and in the absence of the head, W( M ) shows the effect of the head on the acoustic field. We can decompose the influence of all factors on this composite HRTF. For example we can normalize the HRTF with the free space solution, QGk ( d ) , to show the influence of the head width and the wall as
Here WO" = Qo(M)/Qo(O) is the ratio of the pressure at the two points M and 0 in the absence of the head, W,", =
9o(O)/QGk ( d )
is the ratio of the pressure at the head center in the presence and absence of the wall (without the head). These two effects can be combined in one factor H$ = W~W $ o , which can be interpreted as the effect of the scattering not related to the head. The amplitude of the HRTF are usually is measured in dBs. Thus when expressed logarithmically these contributions sum up.
The effect of the wall on the acoustic field can be decomposed into two effects. The first effect is the effect of the image source, and the second effect is that of scattering from the image sphere. Mathematically, if the second effect is negligible, we can replace the matrix Mm with the identity I. plane ( H / a = 10) and a distant source ( d / a = loo), for two incidence angles e,, = 0" and 150°, measured from the line connecting the center of the sphere and the source. For comparison, the results of [2] are also shown. Our computations show that the effect of the acoustic field scattered by the image sphere in this case does not produce any visible differences in the graphs, so the effect of wall is primarily due to the image source.
At low frequencies I W (M)I -+ 1, which corresponds to 0 dB. This is natural for waves much larger than the head. At the same time, at low frequencies and large ranges, /!HIoo ( M ) I + 2, which corresponds to a 6 dB difference. This doubling is clearly due to addition of the intensities of the source and its image. From Eq.
The frequency dependence of the HRTF is a function of the incidence angles. In addition, the influence of the wall is different on the sides of the sphere that are ipsilateral and contralateral to it. In both cases lWoo (M)I has sharp troughs. The physical explanation of these troughs is that they arise due to exact cancelation of the waves arriving with differing phase from the source and its image. To evaluate the frequencies of these peaks for large ranges we find that the difference between the distances from the real and the image source to the point under consideration is ap- to the ratio of the wavelength and distance between the centers of the sphere and its image. We found in all computed cases that the effect of the image sphere on the HRTF is a secondary effect compared to the effect of the image source. If the distance from the wall is equal to several times the sphere radius the effect of the image sphere may be neglected. This can be important in justifying the use of simple source imaging models for modeling room acoustics (e.g. [SI). Fig. 5 shows a computation of a case that corresponds to the "bright-spot'' calculations that were shown in [2] , except that there is a wall on the contralateral side of the sphere, and the source is located above the sphere along the axis of symmetry. Instead of a single bright spot, we now observe several bright bands andor the spot, whose location and number depend upon ka.
CONCLUSIONS
The obtained results and preliminary study allows one to make the following conclusions about the effect of a nearby rigid boundary on the HRTF: 0 The presence of a nearby rigid boundary causes a strong effect on the HRTF.
0 The resulting HRTF has new peaks and troughs due to the difference in the phases of the signals coming from the source and its image.
0 For distances from the wall equal to several sphere radii, an approximate approach, where one just accounts for the image source and neglects the effect of the image sphere, works very well. This may be used to justify simplified room modeling approaches such as [8] . 
